Nuclear recoil corrections of order α 6 m 2 /M are calculated for the lowest-lying triplet states of the helium atom. It improves the theoretical prediction for the isotope shift of the 2 3 S − 2 3 P transition energy and influences the determination of the 3 He − 4 He nuclear charge radii difference. This calculation is a step forward on the way towards the direct determination of the charge radius of the helium nucleus from spectroscopic measurements.
I. INTRODUCTION
The direct determination of the nuclear charge radius from the measured transition energies has been so far carried out only for the hydrogen-like atoms [1] . In more complex systems, the possibilities of such determination are limited by our insufficient knowledge of the QED effects. The main advantage of hydrogen-like atoms is that the relativistic electron wave function can be determined analytically in the limit of infinite nuclear mass. It is then possible to express all QED and nuclear recoil corrections within the Furry picture of QED and calculate them either analytically in terms of the Z α expansion or numerically to all orders in Z α (where Z is the nuclear charge number and α is the fine structure constant).
Calculations of QED effects in few-electron systems are much more difficult than in hydrogen. Presently the best theoretical accuracy is achieved for the helium atom, whose (lowlying) energy levels are calculated rigorously within QED up to orders α 6 m and α 5 m 2 /M [2, 3] (where m is the electron mass and M is the nuclear mass). The theoretical accuracy achieved in these calculations was not sufficient for determination of the charge radius of the helium nucleus (i.e. α-particle). Significant progress, however, can be achieved by calculating the next-order QED and nuclear recoil effects, namely α 6 m 2 /M and α 7 m corrections.
These calculations will bring the theoretical accuracy of the helium n = 2 transition energies on a 10 kHz level, which will allow us to determine the α-particle charge radius with an accuracy of a few parts of 10 −3 . Such a project is challenging but looks feasible, at least for the triplet states.
The most suitable transition for such a project is 2 3 S − 2 3 P , which has already been measured with sufficient accuracy [4, 5] , E(2 3 S − 2 3 P, 4 He) centroid = 276 736 495 649.5(2.1) kHz h.
The finite nuclear size contribution to this transition energy is E fs = 3 427 kHz h. Taking into account that E fs is proportional to the nuclear charge radius squared, R 2 , the expected 10-kHz theoretical accuracy will determine the nuclear charge radius with 0.15% accuracy,
δE fs E fs ≈ 1 2 10 3 427 ≈ 1.5 · 10 −3 .
After the project is accomplished, we shall be able to compare the charge radius of the α-particle with the result from muonic helium, which is expected soon from the CREMA collaboration [6] . Such a comparison would be of particular interest in view of the discrepancy for the proton charge radius observed in the muonic hydrogen experiment [7, 8] .
Additional motivations for this project are the yet unexplained 4 σ discrepancy for the difference in 3 He and 4 He nuclear charge radii [9] and plans to measure the charge radii difference from isotope shifts in helium-like ions [10] . In this work we make the first step towards the absolute nuclear charge radius determination and calculate the nuclear recoil correction to order α 6 m 2 /M for the 2 3 S and 2 3 P states of the helium atom.
This paper is organized as follows. Section II introduces notations that will be used throughout the paper. Section III describes our approach to the calculation of the energy levels by an expansion in the fine-structure constant α. Section IV reports the FoldyWouthuysen transformed NRQED Lagrangian, which is the starting point for our derivation.
The derivation of the α 6 m 2 /M correction is presented in Section V. Section VI is devoted to the rearrangements of terms in such a way that all matrix elements become finite. Section VII presents the final formulas. Section VIII describes the numerical evaluation of all matrix elements. Results and discussion are presented in Section IX. The principles of the dimensional regularization, details about the elimination of singularities, the simplification of the formulas, and the reduction to the hydrogenic limit are presented in Appendices.
tion of m 2 /M α 6 corrections, we start from FW Hamiltonian from Ref. [2] ,
where {x , y} and [x, y] stand for the anti-commutator and commutator, correspondingly,
and apply further transformations. The first one
The second one
eliminates the transverse part
The resulting new FW Hamiltonian is
where E = − ∇A 0 . Since we are interested here in the leading O(m/M) term, the nucleus can be treated nonrelativistically, so
V. THE HIGHER ORDER BREIT-PAULI HAMILTONIAN
In this section we derive the effective operator H (6) M . The derivation is similar to that in Ref. [2] , including the use of the dimensional regularization. For the simplicity of the presentation, all the derivations here will be performed in d = 3, but in such a way that allows for a straightforward (and unique) generalization to the d = 3 − 2 ǫ form. This generalization will be needed only for a few divergent terms, and details of the dimensional regularization are presented in Appendix A.
Using the nomenclature described in Appendix A, we denote by V the nonrelativistic interaction potential
by E a the static electric field at the position of particle a
by A a the vector potential at the position of particle a, which is produced by all other
and by A I the vector potential at the position of nucleus, which is produced by electrons 
The part with the single spin operator is
With the help of the commutator in Eq. (43) and the integral
one obtains
Finally, the nuclear part is
We have checked that the non-recoil part agrees with that derived in [15] and that the spin-dependent recoil part agrees with that in [17] . Here, we are interested in the spinindependent part, which in the center-of-mass system P I = − a p a is (from now on we use atomic units m = 1) 
Further Hamiltonians H From now on we consider the specific case of the triplet states of the He atom, where the expectation value of δ 3 (r ab ) vanishes and almost all matrix elements become finite.
The Breit-Pauli Hamiltonian of Eq. (11) is split into four parts (with r 12 ≡ r, r aI ≡ r a
where
The corresponding second-order correction is
VI. ELIMINATION OF SINGULARITIES
The principal problem of the used approach is that both the first-order and the secondorder contributions are divergent; the divergence cancels out only in the sum of these contributions. To achieve the cancellation of the divergences, we (i) regularize the divergent contributions by switching to d = 3 − 2 ǫ dimensions, (ii) move singularities from the second-order contributions to the first-order ones, and (iii) cancel algebraically the 1/ǫ terms. Moreover, we notice that the recoil corrections are of two types: (i) corrections due to the perturbation of the wave function φ, the energy of the reference state E, and the nonrelativistic Hamiltonian H by the nuclear kinetic energy P 2 /(2M), and (ii) corrections due to the extra recoil
M and H
M . We will use this fact in the following derivations.
A. Recoil correction from the second-order contribution
In this subsection we consider the recoil correction coming from the second-order matrix elements, i.e. the first term in Eq. (12), which is denoted by A M . The recoil correction from the second term in Eq. (12), denoted by B M , will be examined in the next subsection.
The second-order contribution with H M A is divergent and has to be regularized. Regularization is performed by rewriting H M A in such a way that the singularities are moved from the second-order matrix element into the first-order ones, where they cancel each other. To do this, we write H M A as
The operator Q M is the same as in [2] with the exception that it also includes a recoil part δ M Q. The regular part of operator H M A can be evaluated to yield
Moreover, the kinetic energy of the nucleus is P 2 /2 = δ M E. After regularization, the first term in Eq. (12) takes the form
where A 
while the first-order terms are
for the recoil part
B. Recoil correction from the first-order terms
In this section we examine the recoil correction coming from the first-order matrix elements, i.e. the second term in Eq. (12), which is denoted as B M . Using Eq. (29), B M can be written as
For each of the operators
δ M H i , the recoil correction is the sum of two parts:
(i) perturbation of the nonrelativistic wave function, E and H by the nuclear kinetic energy in the non-recoil part, and (ii) the expectation value of the recoil part δ M H i (if present).
The derivation is straightforward but tedious, so we have moved the description of this calculation to the Appendix and present only the final result for the recoil correction δ M B, 
At this point we have obtained all the terms contributing to the recoil correction.
C. Cancellation of singularities
The first-order terms δ M A 2 and δ M B could be further transformed using various identities,
Using these identities we remove all the remaining singularities and transform the results into a form suitable for numerical calculation. The final result for recoil correction is presented in the next section.
VII. FINAL FORMULA
The final results are split into seven parts: (i) the second-order and third-order matrix elements containing H R , (ii) the second-order and third-order matrix elements containing H B , (iii) the second-order and third-order matrix elements containing H C , (iv) the thirdorder matrix elements containing H D , (v) the first-order matrix elements with the reference state and the perturbed wave function, and (vi) the remaining first-order terms with the exception of (vii) pure recoil, the radiative recoil and the recoil corrections to one-loop and two-loops radiative corrections.
The final formula is then
Here
For E v and E vi the results can be brought into a more suitable form by introducing set of operators Q i , see Tables I and II ,
and
Finally,
VIII. NUMERICAL CALCULATIONS OF MATRIX ELEMENTS
The helium wave function for triplet states is expanded in a basis set of exponential functions in the form of [19] φ(
where α i , β i , and γ i are generated quasi-randomly with conditions:
In order to obtain a highly accurate representation of the wave function, following Korobov
[19], we use a double set of the nonlinear parameters of the form (89). The parameters A i , B i , C i , and ε are determined by the energy minimization, with the condition that ε > 0, which follows from the normalizability of the wave function. The linear coefficients v i in Eq.
(89) form a vector v, which is a solution of the generalized eigenvalue problem
where H is the matrix of the Hamiltonian in this basis, N is the normalization (overlap) matrix, and E the eigenvalue, the energy of the state corresponding to v. For the solution of the eigenvalue problem with N = 100, 300, 600, 900, 1200, 1500 we use a Cholesky decomposition in octuple precision. As a result we obtain the following nonrelativistic energies in au E(2 3 S) = −2.175 229 378 236 791 306 , 
The calculation of matrix elements of the nonrelativistic Hamiltonian is based on the single master integral,
The integrals with any additional powers of r i in the numerator can be obtained by differentiation with respect to the corresponding parameter α, β or γ. The matrix elements of relativistic corrections involve inverse powers of r 1 , r 2 , r. These can be obtained by integration with respect to a corresponding parameter, which leads to the following formulas 
All matrix elements involved in the α 6 m 2 /M correction, see Tables I and II, Tables I and II. For the second-order matrix elements, the inversion of the operator E − H is performed in the basis of even or odd parity with l = 0, 1, 2 and 3. In the case when the operator acting on the reference state does not change its symmetry (H A ; for 2 3 P , also H B and H D ), it is necessary to subtract the reference state from the implicit sum over states. This is obtained by the orthogonalization with respect to the eigenstate with the closest-to-zero eigenvalue of H − E. This eigenvalue is not exactly equal to 0 because we use a basis set with different parameters, which are obtained by minimization of that particular term.
IX. RESULTS AND DISCUSSION
In this paper, we derived the complete recoil contribution of order α Since the triplet state wave function vanishes at r 12 = 0, the electron-electron operators do not lead to any singularities, and thus can be calculated directly in d = 3. There are, however, several terms arising from the electron-nucleus recoil operators, which need to be treated within the dimensional regularization in order to isolate the singular part of the operator. We essentially repeat the approach from [2] , so only a brief introduction to dimensional regularization is presented here. The dimension of space is assumed to be
and the d-dimensional Laplacian is
The photon propagator, and thus Coulomb interaction, preserves its form in the momentum representation, while in the coordinate representation it is
The elimination of singularities will be performed in atomic units. In accordance with [2] this is achieved by transformation
and pulling factors m (1−2ǫ)/(1+2ǫ) α 2/(1+2ǫ) and m (1−10ǫ)/(1+2ǫ) α 6/(1+2ǫ) from H and H (6) . The nonrelativistic Hamiltonian of hydrogen-like systems is
and that of helium-like systems is
The solution of the stationary Schrödinger equation H φ = E φ is denoted by φ; we will never need its explicit (and unknown) form in d-dimensions. Instead, we will use only the generalized cusp condition to eliminate various singularities from matrix elements with relativistic operators. Namely, we expect that for small r ≡ r 1
with some coefficient C and γ to be obtained from the two-electron Schrödinger equation
From cancellation of small r singularities on the left side of the above equation, one obtains
Therefore, the two-electron wave function around r 1 = 0 behaves as
).
Apart from the Coulomb potential V(r) in the coordinate space, we need also other functions, which appear in the calculations of relativistic operators, namely
They can be obtained from the differential equations
with the result
Using V i , we calculate various integrals involving the photon propagator in the Coulomb gauge, namely
Now we are ready to remove the singularities from matrix elements of various operators. By convention we pull out a common factor (4π) ǫ Γ(1 + ǫ) 2 from all matrix elements. Then, for example, the matrix element [Z 3 /r 3 ] ǫ with r = r 1 is
is the regularized form of 1/r
1/r 4 in the above is again a regularized form of 1/r 4 , where 1/a and ln a + γ are dropped, analogous to 1/r 3 term. However, we do not need its explicit form because we can always rewrite it in terms of Z 3 /r 3 using expectation value identities. Similarly,
The last singular term appearing in these calculations is
where we used the identity
All the singular terms can now be expressed in terms [Z 3 /r 3 ] ǫ and [Z 2 /r 4 ] ǫ and using the expectation value identity
they eventually cancel out.
Let us present here again the terms contributing to A M 2 :
The first three terms contain both recoil and non-recoil parts, while the latter three are recoil only terms. Individual terms can be reduced by using expectation value identities: 
Here we used the identity (A25) from Appendix A to rewrite the singular term in the second equality in (B5) as
Further (using δ 3 (x)/x = 0 which is valid in dimensional regularization)
where 
and where Summing all of the recoil parts δ M A 2a . . . δ M A 2f and using the identity
we get the final result (71).
Appendix C: Derivation of δ M B
In the following we perform only derivation of terms B 
and the evaluation of the remaining terms is trivial since they contain only Dirac delta-like contributions. The expectation value of the kinetic term
The recoil correction δ M B 1 is then
Here we used
For the sake of simplicity we split its expectation value into three parts,
Term
M needs no further reduction. The remaining terms could be simplified to
Taking now only the recoil parts of individual terms we get
We split the correction due to operator H 
The expectation value of this operator can then be reduced to 
When commuting E − V we used equation ( 
The correction E ii due to extra recoil operators is then the sum of δ M B 2 and δ M A 2 , 
